is put forward and proven to apply for systems with a non-zero threshold value. It is demonstrated that the model is applicable for general interparticle interaction strengths, particle numbers and threshold values. The model constructs the many-body process from single-particle emission processes. The rates and emission momenta of the single-particle processes are determined by the chemical potentials and energy differences to the threshold value of the potential for systems with different particle numbers. The chemical potentials and these energy differences depend on the interparticle interaction. Both the number of confined particles and their rate of emission thus allow for a control by the manipulation of the interparticle interaction and the threshold. Numerically exact results for two, three and one hundred bosons are shown and discussed. The devised control scheme for the many-body tunneling process performs very well for the dynamics of the momentum density, the correlations, the coherence and of the final state, i.e., the number of particles that remain confined in the potential.
I. INTRODUCTION
The understanding of quantum many-body dynamics has been pushed forward in recent years by the realization of and unique possibilities to control Bose-Einstein condensates (BECs) in the laboratory [1] [2] [3] [4] [5] . The confinement of BECs [6] , their interparticle interactions [7] , and their dimensionality [8] [9] [10] can be manipulated in experiments almost at will. Using these extensive mechanisms of control, BECs are used as so-called quantum simulators to study a variety of physical systems: Solid state systems are studied with optical lattices [1, [11] [12] [13] and even problems in astrophysics are tackled [14] [15] [16] .
One of the fundamental phenomena of quantum mechanics is the tunneling process. Despite lacking the energy to overcome a potential barrier, quantum particles are able to escape by tunneling through the barrier. This is due to the probabilistic nature of quantum mechanics: The particles have a non-zero probability to be found on the other side of the barrier. The physics of tunneling for a single particle is well-understood [17] and were described already in the 20s of the previous century, see Refs. [18] [19] [20] . The corresponding many-body process of interacting particles has also been studied, see, e.g., Refs. [21] [22] [23] [24] [25] [26] [27] [28] [29] [30] . In the case of many-body tunneling, the mechanism of the dynamics has only been revealed recently [30] . The many-body tunneling process to open space is built up from many simultaneous single-particle emission processes. The velocities of the emitted bosons are defined by the chemical potentials of trapped interacting systems of different particle number with large accuracy.
The key many-body features of the tunneling process are the gradual loss of initial coherence which manifests in the occurrence of fragmentation -an abundant phenomenon in the eigenstates and dynamics of many-boson systems, see, e.g., Refs. [31] [32] [33] [34] [35] [36] [37] . Explicitly, the emitted particles lose the coherence with both the trapped source and among each other. In order to monitor and derive the mechanism by which the coherence is lost while tunneling to open space, normalized correlation functions as introduced by Glauber in Refs. [38, 39] prove to be the best quantities of analysis.
The study of the many-body physics of tunneling to open space in Ref. [30] used a novel quantum many-boson method, the multiconfigurational time-dependent Hartree method for bosons (MCTDHB) [37, 40] . MCTDHB provides the means to solve the time-dependent many-boson Schrödinger equation numerically exact for a wide range of problems, see, e.g., [30, [41] [42] [43] [44] .
In the present work it is shown that the many-boson tunneling to open space dynamics can be controlled extensively by a slight manipulation to the setup described in the study that revealed the mechanism of the ongoing tunneling dynamics [30] , namely the addition of a potential threshold.
The physics of the single-particle processes which assemble the many-body tunneling dynamics are determined entirely by the chemical potentials of trapped subsystems with different particle number and the available kinetic energy after the emission. Hence the process can be controlled by manipulating the threshold T which affects the available kinetic energy after emission and the interaction λ 0 which affects the chemical potentials.
How one can change and control the tunneling process of a many-body system as prescribed in [30] ? In the present case this is achieved by the following two measures: Introducing a threshold to the one-body potential of the Hamiltonian of the system, i.e., setting it to a constant value T in the asymptotic region, and altering the interparticle interaction strength λ 0 . By altering the threshold, the momenta of the emitted particles can be managed and bound states may be created.
Such a creation of a bound state of a finite number of particles implies that the final state of the process has been altered by adjusting T . In this altered final state, a controlled number of particles stays confined in the reservoir and the remainder of the many-body system escapes to open space.
Furthermore, by altering the interparticle interaction strength λ 0 , the chemical potentials driving the simultaneous single-particle processes (cf. Fig. 1 ) can be altered and their rates controlled.
In the wider context of quantum simulators the system is related to atom lasers and ionization processes: the modification of the threshold T allows an investigation of different ionization thresholds and the interaction strength λ 0 can be used to tune characteristic velocities of the emission and distances of the peaks in the momentum distribution. The free part of the potential resembles the situation in atom laser experiments [3, [45] [46] [47] . This extensive control described above might allow one to study the coherence dynamics of atom lasers [3, [45] [46] [47] and potentially complicated tunneling ionization processes [48, 49] which are not amenable for in-detail experiments. This is because the momentum distributions in the many-boson tunneling process can be tuned almost at will. Hence, the many-body tunneling process of ultracold bosonic atoms could be used as a quantum simulator for a broad range of these processes.
The protocol for the process is as follows: The ground state of an interacting system in a parabolic trap is prepared, then the potential is transformed abruptly to an open shape and finally the dynamics are analyzed from a many-body perspective for different interaction strengths λ 0 and particle numbers N (cf. Refs. [29, 30] ). The final form of the potential now has a nonzero asymptotic value T . To properly describe and assess the impact of this threshold on the occurring dynamics it is instructive, to first find a suitable smooth shape for the potential (Section II) and then to analyze the energetics in the new potential (Section III). This is done starting from a conjecture for the emission momenta, relevant energies and chemical potential described in Ref. [30] and the model of the many-body process described therein. The strategy pursued here is to start from the simplest case of N = 2 bosons (Section IV) using only the threshold T as a control parameter.
Henceforth, the control possibilities for the dynamics of N = 3 bosons with the interparticle interaction strength λ 0 are explored (Section V). The relation of the control parameters (λ 0 and T ) to the available final states in the problem is subsequently used to control the emission momenta, chemical potentials, and the number of emitted particles for a many-boson system composed of N = 101 bosons (Section VI). It turns out, that the control parameters, i.e., the threshold T and the interaction strength λ 0 , are sufficient to exert a big amount of control on the final state and even the correlation dynamics of the many-body process. Summary and outlook are found in Section VII.
II. HAMILTONIAN AND QUANTITIES OF ANALYSIS
The setup of the system is depicted in Figs. 1 and 2 . It is similar to the setup of the tunneling with zero threshold as described in Refs. [29, 30] . In this section the Hamiltonian and potential are introduced and an outline of the changes with respect to the potential used for the tunneling dynamics with zero threshold is given. Furthermore, the quantities by which the many-body dynamics will be analyzed throughout the present study are given.
A. The Hamiltonian
The tunneling process of ultracold many-body systems to open space is described by the timedependent Schrödinger equation,
Here, |Ψ is the wave function which depends on the spatial coordinates of all particles andĤ is the many-body Hamiltonian,Ĥ
For ultracold atomic bosonsĤ contains one-body operatorsĥ i for each boson and two-body oper- , where is Planck's constant, m is the mass of the considered particles and L is a length scale that one introduces. The two-body operatorŝ W ij in the Hamiltonian (2) of ultracold bosonic systems mitigate the particle-particle interaction.
Since the interaction is well described by s-wave scattering, a contact interaction potential,Ŵ ij = λ 0 δ(x j − x i ) is an appropriate description. The parameter λ 0 = 2mω ⊥ L a s is related to the s-wave scattering length a s in the ultracold atomic sample. It can be tuned with the aid of Feshbach resonances [7] or the trap geometry, i.e., the transversal confinement frequency ω ⊥ .
The one-body Hamiltonianĥ i ,ĥ
contains the kinetic energy − and the one-body potential V (x i ). Since the scope of the present study is to investigate possible control mechanisms for the many-body tunneling process to open space, the design of the one-body potential V (x) is crucial. It should be a smooth, continuous function which is identical to a parabolic trap in one region of space which is separated from the free, asymptotic part by a barrier. Furthermore, the threshold potential value T in this free, asymptotic region should be easy to modify. In order to be flexible with the threshold value T it is practical to use a smooth polynomial continuation of the harmonic trap V h (x) = 1 2 x 2 from x c1 = 2 to x c2 = 4, see Fig. 1 . The details on the polynomial P (x) are deferred to Appendix B.
The obtained potential has the form
Here, Θ(·) is the Heaviside step function. Plots of the potential in Eq. (4) with various values of T are depicted in Fig. 1 .
By using a polynomial continuation to the threshold the position of the maximum of the potential, x m , now depends on the threshold T as follows:
ρ(x,t=0); V(x,t) can be controlled by the threshold T . The energy of a single, parabolically trapped particle, E(N = 1), is indicated by the horizontal black dashed line to guide the eye. In between x c 1 and x c 2 (indicated by magenta labels on the x-axis) the potential is the polynomial P (x) of Eq. (4) with the coefficients as given in Table I in Appendix B. All quantities shown are dimensionless.
This concludes the exposition of the potential and the Hamiltonian of the system under consideration.
B. Quantities of analysis
To investigate the many-body state and its dynamics it is desireable to have a set of appropriate quantities for the analysis. The full wave function which is available in the MCTDHB computations at any given point in time, is a complicated and high dimensional quantity. It is hence a useful practice to rely on reduced density matrices and their diagonals, i.e., densities, for the purpose of visualization [38, 39, [50] [51] [52] . The reduced one-body density matrix is defined as
When one expands it in its eigenfunctions, the so-called natural orbitals {φ i (x, t); i = 1, M}, it takes on the form
The natural occupations ρ
(t), the natural orbitals as well as the diagonal of the reduced one-
e., the so-called density, are very useful quantities to assess quantum many-body dynamics. From the natural occupations one can infer if a system is condensed or fragmented. If only a single macroscopic eigenvalue ρ
is present then the system is referred to as condensed [53] . If multiple eigenvalues {ρ ; i = 1, ..., M} are macroscopic, then the system is referred to as fragmented [33] [34] [35] [36] 43] . The density ρ(x, t) describes the probability to find a single particle in the many-body system at a certain position x at a given time t.
As a measure of the number of particles inside the parabolic part of the potential (cf. Fig. 1 ), it is instructive to define the nonescape probability,
For every propagation with a different threshold one has a different x m (T ), see Eq. (5).
The coherence of the quantum many-body state can be analyzed with the aid of Glauber's first order normalized correlation function [38, 39, 50, 52] ,
It normalizes the reduced one-body density ρ (1) with its respective diagonal parts ρ. Similarly, the diagonal of the second order normalized correlation function,
can be used to infer the second order correlation and coherence of the system under consideration. g (2) normalizes the reduced two-body density ρ
; t) with the respective densities ρ. ρ (2) is defined as follows [38, 39, 50, 52] :
Its diagonal is the probability to measure two particles at two positions x 1 , x 2 simultaneously at a given point in time t. From a probabilistic point of view, g (2) can be seen as a measure for the stochastical independence/dependence of the measurement of two particles: If the measurement of the two particles was stochastically independent then ρ (2) (x 1 , x 2 |x
would be equal to ρ(x 1 , t)ρ(x 2 , t) and g (2) = N −1 N would hold. If, on the contrary, the measurement of the two particles was stochastically dependent, then ρ (2) (x 1 , x 2 |x
> 1 is referred to as bunching and the case of g (2) < 1 as anti-bunching [54] [55] [56] . From a physical point of view, bunched particles are more likely to reside in two positions together and anti-bunched particles are rather unlikely to reside in two positions together. Quantum fields with no bunching or anti-bunching characteristics, i.e., g (2) = 1, are referred to as fully second order coherent.
All the above quantities can also be transformed to momentum space, see e.g. Ref. [52] . The momentum space representation is versatile to assess quantum dynamics [30] and will be frequently employed throughout the present study. The details on the numerical method, MCTDHB, as well as the computational details can be found in Appendix A.
III. ASSEMBLING THE MANY-BODY PROCESS IN THRESHOLD POTENTIALS FROM BA-SIC SINGLE-PARTICLE PROCESSES
Starting from the model consideration in Ref. [30] and its successful description of the tunneling dynamics of systems with zero threshold, it is straightforward to adapt the model in order to
properly describe the present potentials with a threshold. One can conveniently do that by going through the steps of the model consideration in Ref. [30] again, taking carefully into account the impact of the threshold onto the energetics -especially in the exterior part of the potential. As a first step, it is natural to consider the system as split into an "IN" part, to the left of the maximum of the barrier at x m , and an "OUT" part to the right of the maximum of the barrier at x m . The "IN" part is the part of the potential that is classically allowed, i.e., classical particles would be indefinitely confined in the "IN" region. For a depiction, see Fig. 2 . Consider the situation when a single boson has escaped from the "IN" to the "OUT" region. According to the consideration in
Ref. [30] , the available energy of this boson must come from the energy difference of the trapped systems with N and with N − 1 particles, E N − E N −1 = µ 1 -the chemical potential of the N-particle system. With this energy available, the ejected boson has to overcome the threshold T -hence, it remains with an energy (µ 1 − T ) in the "OUT" part of the potential to the right of the barrier. As the potential in the "OUT" part is flat and the density can be assumed to be small, the ejected boson will convert its available energy to kinetic energy. Analogously, the other particles which are ejected have their available energy from chemical potentials µ i . As for the system without a threshold, one can hence derive momenta k i from the related kinetic energies:
Of course, this assumes that the interaction in the exterior only forces the bosons to occupy different single-particle states and ignores the effect of the interaction on the shape of these states in the "OUT" region. It is also evident that in the absence of interaction, all chemical potentials
A particularly interesting feature of the class of potentials with a non-zero asymptotic value is that they can have bound states. If one raises the threshold T beyond the chemical potential µ i of a certain parabolically trapped bosonic system then the bosons in the systems with µ i < T do not have enough energy to overcome T and thus stay trapped -hence, the "IN" system is in a ρ(x;t=0); V(x,t) If the threshold T is big enough, some of the states can become bound (see, e.g., the N = 1 state indicated by the lowest black line). If the state is not bound, the chemical potential µ i is first used to overcome the threshold T and thereafter the remainder is transformed to a kinetic energy E kin (T, µ i ). The momenta corresponding to the chemical potentials
appear in the momentum distribution, see the arrows in Henceforth, the introduced notation will be referred to as the counting statistics of a given state.
The energy for the "IN" subsystem, E HO (N IN , λ 0 ), is essentially given by the energy of N IN interacting bosons in a parabolic potential. The minimal energy for the "OUT" system, E OU T , is essentially given by N OU T bosons at rest, i.e., with momentum k j = 0, at threshold potential energy, hence, E OU T = N OU T T . It follows for the total energy E T OT :
To summarize, one can adjust the energies of the initial states, E IN , by tuning the interaction and the energies of the final states, E OU T , by tuning the threshold T . The following two sections explore these possibilities for the tunneling bosonic systems with a threshold for N = 2 and N = 3
interacting particles, respectively.
IV. CONTROLLING THE DYNAMICS OF TWO BOSONS BY THE THRESHOLD

A. The decay by tunneling dynamics
As a first step to explore the dynamics in the new potential with a threshold and the physics of the above model we study the smallest possible many-body system -two interacting bosons. As we will see, their dynamics is extremely rich. It is instructive to fix first the interaction λ 0 = 1.0 and vary the potentials' threshold. Fig. 3 shows the energies of the possible final states with constant interaction and variable threshold for two bosons, i.e.,
The respective lowest line in Fig. 3 shows the energetically favorable final state for the dynamics. Hence, the crossing points of the lines define critical thresholds at which the energetically favorable final state of the dynamics is changing. One thus would expect that for T ≤ 0.5 both particles decay, for 0.5 < T 0.8 one particle decays and one stays bound. For T 0.8 the whole system is bound and no particle decays. This behavior is because the final states available are |N IN , N OU T = |0, 2 , |1, 1 and |2, 0 , respectively. Since the nonescape probability T 0.8, the two-boson system is bound, i.e., the only final state available is a bound state for T = 0.9.
The thick horizontal dashed line marks P x not = 0.5, the nonescape probability of the final state |1, 1 . See text for further discussion. All quantities shown are dimensionless. momentum distributions. In the case of zero threshold, each emitted particle shows up as a distinct peak in the momentum density in the dynamics, see Ref. [30] . The momenta of the emitted particles, k 1 , k 2 , ..., are essentially time-independent and determined by chemical potentials of systems with decreasing particle numbers N, N − 1, ... in the case of zero threshold. To assess the effect of the non-zero thresholds on the emission momenta, Fig. 5 shows a plot of ρ(k, t, T ) for t = 600
and T = 0.1, ..., 0.6.
The changes to the momentum distributions by the threshold are intuitive: The peak structure in the momentum distribution corresponds to the ejected bosons. If the threshold is increased, two effects upon the peaks are seen. First, for a larger threshold each peak is shifted towards 0, as the escaping bosons have to invest a larger part of their available energy to overcome the higher threshold [cf. Eq. (12)]. Second, the bigger the threshold, the smaller is the intensity of the k
peak, i.e., the peak in the momentum distribution with the largest k-value. This means that the increase of the threshold decreases the pace with which the first boson is escaping. A similar reasoning can be applied to the k T 2 peaks and ρ ( k 2 , t = 600, T ). The agreement of the peaks' positions in k-space with the model's prediction is very good (see the arrows in Fig. 5 ). To further assess the validity of the model also for the second peak at k T 2 it is instructive to graph the peak positions' change with varying threshold. This is done in Fig. 6 . Fig. 3 ). Consequently, the nonescape probability P
x not (t, T ) of the decay converges to N IN = 1, i.e. P x not → 0.5, from above (see Fig. 4 ). In summary, the twobody tunneling dynamics to open space can be controlled by the modification of the threshold in the following ways. First, the counting statistics can be controlled with the threshold by creating bound states. Second, the emergence of the bound state can be used as a control on the momentum spectra of the emitted bosons. Peaks can be shifted or even switched off (on) by making the corresponding single-boson process energetically unaccessible (accessible).
B. Effect of the Threshold on the Coherence and Correlation Dynamics
The dynamics of correlation and coherence in the spirit of Refs. [38, 39] are of key importance to assess the many-body behavior of the system: Can an effective single particle picture be applied or is the process governed by collective phenomena? In the tunneling process of bosonic systems to open space without a threshold, the dynamics of correlations and coherence have shown that collective phenomena occur and have unveiled the mechanism of the tunneling process [30] . The ejected bosons lose the coherence both with the source and among each other. As the processes with a threshold are explained by a similar model, it is interesting to investigate if the correlations or coherence properties are also similar to those in the tunneling process without a threshold. This subsection hence discusses the quantities describing the dynamics of fragmentation coherence: the occupation numbers ρ (N O) i (t) of the single particle reduced density matrix and the one-particle and two-particle normalized correlation functions g (1) and g (2) [52].
Time-Evolution of the Occupation Numbers
To find the effect of a change in the potential's threshold on the time-evolution of the occupation numbers, it is instructive to plot them for N = 2, λ 0 = 1.0 and thresholds T = 0.0, 0.1, 0.2, ..., 0.6, as is done in Fig. 7 .
The dependence of the occupation numbers on the increasing thresholds are as follows: as the decay by tunneling process is slowed down by the threshold, also the occurrence of fragmentation is delayed. Furthermore, the initial depletion of the system is delayed, i.e. ρ in the cases of T ≥ 0.5 where a one-boson bound state emerges and the counting statistics of the final state are changing from |0, 2 to |1, 1 . One could naively argue that the final state |1, 1 could be described with a single permanent |n 1 , n 2 , ..., n M . Yet, the chosen |N IN , N OU T notation refers to the counting statistics and not to permanents or eigenfunctions of a many-body Hamiltonian.
Hence, fragmentation is occurring anyway and one needs many permanents to represent the final
Effects of the Threshold on the Correlation Dynamics
To explore, whether there is an effect of the threshold on the coherence during the fragmentation in the tunneling to open space one has to inspect the normalized single-particle correlation function g (1) . In Fig. 8 a plot of g (1) in momentum space is given. In the correlation functions shown in Fig. 8 , the single-particle processes from which the many-boson tunneling process is built up are seen as lines of incoherence (the darker lines atop of the white and light yellow background). The positions of these lines coincide with the momenta k 1 , k 2 predicted by the above model considerations. During the time-evolution the positions of the lines and hence the overall structure of g (1) does not change and it is therefore sufficient to depict g (1) at a single point in time. With the increase of the threshold the system's final state is changed from |0, 2 to |1, 1 , i.e., only one of the two particles is decaying to open space for T ≥ 0.5. This change manifests itself in the correlation functions by the disappearance of the line at k 2 corresponding to the now energetically forbidden process (cf. bottom left and bottom right part of Fig. 8 ). By the increase of the threshold the loss of coherence around the momentum k 2 is gradually decreased. Eventually it becomes fully coherent for the T = 0.6 case, see bottom right panel in Fig. 8 . In this manner, peak after peak, corresponding to the model processes, the system returns to full coherence, as soon as the respective tunneling channel becomes energetically unfavorable.
It is interesting that the coherence of the system is also lost in the cases where only a single particle is ejected, see Fig. 9 . It is hence instructive to inspect the two-body correlations in the tunneling process. The two-body correlations should show changes of the many-boson process, when the system is switched from two-boson to one-boson decay. In the spirit of Hanbury Brown and Twiss, the situation where g (2) > 1 is referred to as bunching and g (2) < 1 is referred to as anti-bunching [54] [55] [56] . For a plot of g (2) in momentum space for t = 600, see Fig. 9 .
The structure of the diagonal of the two-particle normalized momentum correlation function,
, is intricate: It has a line-structure similar to g (1) in Fig. 8 . Yet, in the case of g (2) coherence can be lost in two ways -through bunching, i.e. g (2) > 1, or anti-bunching, i.e. g (2) < 1.
In the case of bunching of the two momenta k a and k b , the two particles are more likely to have these two momenta and in the case of anti-bunching it is rather unlikely that the two particles have these momenta at the same time. From the general structure of Fig. 9 one can read that the part of the cloud which is at rest, i.e., where k 1 = k 2 ≈ 0, is initially and throughout the tunneling process a slightly anti-bunched, almost second order coherent entity, because g
1 holds for with a threshold. Shown is the value of the diagonal of the two-particle normalized correlation function, g (2) (k 1 , k 2 ; t) for t = 600 for various thresholds T . The cases of T = 0.0 and T = 0.2 show slight antibunching for the k-space region with the first peak in the momentum distributions and anti-bunching for the region of the second peak. Increasing the threshold gradually switches off the second peak and leaves behind an anti-bunched single line. Throughout the time-evolution (not shown) the peaks on the diagonal at
(the diagonal peaks) attain maximal bunching which shifts to the peaks at
(the off-diagonal peaks) later on. See text for further discussion.
All quantities shown are dimensionless.
and one with k T 1 , while it is rather likely that the second boson also propagates when one finds the first one at k T 2 . The change in the final state of the tunneling process which is due to the energetics as explained in Fig. 3 is again visible by the disappearance of the line around k T 2 (cf. bottom right part of Fig. 9 ). The diagonal point at k T 1 = k 1 = k 2 is strictly anti-bunched in this case. The line structure, see bottom right part of Fig. 9 , is strictly bunched. This behavior is expected, because only one boson can leave and hence it is becoming more and more likely to have a boson at rest and another one propagating with k T 1 . In the cases where both bosons are decaying the degree of sequentiality can be assessed with g (2) : When one analyzes the line around k In the case of the two-particle decay, the intensities of the peaks at the intersection points of the lines are time-dependent, see Fig. 9 . Initially, the peak at
is dominant, followed by bunching also in the
regions. Finally the off-diagonal peaks will become dominant, owing to the fact that the final state of the dynamics contains two bosons in the "OUT" region, each propagating with a specific momentum.
To summarize, the dynamics of the tunneling process to open space can be managed by the threshold T . The occurrence of bound states manifests itself by closing final states of the dynamics.
The momenta in the decay process are obtained from the chemical potentials of systems with reduced particle number and the threshold. The coherence of the ejected particles with the source is lost and the bunching and anti-bunching properties explain to which degree the processes occur (non-)sequentially. The dynamics of the correlation functions g (1) and g (2) can be managed side by side with the momentum distributions with the threshold.
V. CONTROLLING THE DYNAMICS OF THREE BOSONS BY THE INTERACTIONS
A. Energies of the final states of the dynamics
The aim of the present and subsequent sections is to underline and corroborate the generality of the findings of the previous section on N = 2 bosons also for bigger particle numbers. The control mechanism employed for the final states is generalized in this section: Instead of the 
B. Decay by tunneling dynamics
To verify the above the time-evolution of the nonescape probabilities, P
x not (t, T ) in the given example of N = 3 bosons in a potential with T = 0.7 for various interactions λ 0 are analyzed.
For a plot of the nonescape probabilities, corresponding to the different possible final states, see Also for N = 3 the behavior of the nonescape probabilities is as predicted from the energies and the availability of the final states: when a certain final state becomes energetically unavailable, then the counting statistics of the final state change. For example, for λ 0 = 0.5, the lowest available final state in the |N IN , N OU T notation is |2, 1 -consequently, the norm of the density in the "IN" subspace, i.e., the nonescape probability P x not (t, T ), converges to 2 3 . In the case of the stronger interaction λ 0 = 1.0, the final state |1, 2 is energetically favorable and consequently the nonescape probability converges to 1 3 . The model introduced in Section III is indeed accurately predicting the counting statistics of the tunneling to open space process with a threshold. To corroborate this finding and to assess the generality of the model also for stronger interactions, Fig. 11 shows also a plot of the nonescape probability for the very strong interaction λ 0 = 30.0. For such a strong interaction, the initial state is fermionized and one would expect that the model description would be inaccurate if its validity depended on the inter-particle interactions. Yet, the model prediction of a nonescape probability P x not (t, T ) of 1 3 for the final state |1, 2 still holds. Of course, the decay happens at a much faster pace in this stronger interacting case. Hence, one might expect that the model consideration should hold for particle numbers N > 3 and for general interaction strengths.
In order to asses this generality of the model, section VI discusses the control of the tunneling dynamics of N = 101 bosons.
C. Coherence and Correlations in the Tunneling Process with a Threshold of N=3 bosons
In order to assess the effects in the processes' correlation and coherence dynamics it is best to take a look at the correlation functions g (1) and g (2) in momentum space. Fig. 12 shows the
for varying interactions and fixed threshold T = 0.7 in the left and center It remains to find out what are the two-body properties of the process. For this purpose, a plot of the second order coherence g (2) is shown in Fig. 13 .
The structure of the first order coherence |g (1) | 2 in Fig. 12 is preserved for the diagonal part of g (2) in Fig. 13 . The anticipated behavior from the case of N = 2 bosons (cf. Fig. 9 ) prevails:
the bunching is mainly for the off-diagonal intersections of the slightly anti-bunching lines at the different momenta. The degree of the bunching on the diagonal and on the off-diagonal shows the sequentiality of the process. For example, the line corresponding to the biggest momentum is always the closest to coherent (i.e., white in Fig. 13 ) and the anti-bunching for this line on the diagonal is the strongest. Hence, the boson which is emitted and is propagating at the corresponding momentum k T 1 is very unlikely to be found, if another boson also propagates and the same momentum. Furthermore, the boson propagating with k T 1 is coherent, i.e., uncorrelated with all the other momenta -one could say that it does not feel the remainder of the 3-boson system. This explains the good applicability of the model introduced in Section III. While the escaped bosons lose their first order coherence with the source, their second order coherence is preserved. This is because the process accounting for a single line in the g (1) or g (2) , respectively, is a single-particle process. The model's elementary processes describe exactly such a behavior. Similar reasoning can be applied to the other lines in g (2) . This concludes the discussion of the first-and second-order coherence in the three-boson process of tunneling to open space.
VI. CONTROLLING THE MANY-BODY PROCESS
In this section, the control schemes using the threshold T and the interparticle interaction λ 0 found in the previous sections are applied to the dynamics of N = 101 bosons. The intention is to obtain a desired final state, of roughly N IN = 50 bosons. The strategy chosen is to first fix a threshold and then tune the interaction appropriately -it is noteworthy that first choosing an interaction and thereafter adjusting the threshold is also possible. Fig. 14 shows the energetics and nonescape probability for N = 101 particles. In this case the threshold was fixed to T = 0.6. One can tune the tunneling process' counting statistics by modifying the interactions in order to obtain an N IN ≈ 50 bound state by the presented reasoning. The patterns found for the dynamics of the correlations and coherence in momentum space, as depicted in Figs. 8,9,12,13 and analyzed in Sections IV and V hold also for the present case of N = 101 bosons. Since the first and second order momentum correlation functions g (1) and g (2) are similar to the ones in Figs. 8,9,12,13 they are not shown here for the sake of brevity. It is worthwhile to state here, that the distance between the lines decreases when the particle number is increasing and the minima between the peaks become less pronounced. Hence, the lines are not as clearly visible in the case of a large particle number. The momenta at which first and second order coherence is lost are predicted by the model consideration, i.e., Eq. (12) and Section III.
To predict these momenta for which the coherence is lost one has to find the velocities at which particles are escaping for given T and λ 0 . To achieve this, one first determines the number of atoms which is still bound for the chosen T and λ 0 . Subsequently, Eq. (12) is used to determine the momenta of the escaping particles. These momenta are the momenta where the coherence is lost. Furthermore, when one adjusts λ 0 ,N and T a many-body wavefunction which shows first and second order incoherence for a certain set of momenta can be manufactured -such a control on the coherence properties of the wavefunction of a many-boson system could be very useful to study the coherence in atom-laser experiments [3, [45] [46] [47] .
VII. BRIEF SUMMARY AND OUTLOOK
In summary, this paper has shown that one can fully control the number of ejected particles and their momentum density in the tunneling to open space process. Namely, the final state's counting statistics can be managed at will, i.e., how many particles will reside in the interior "IN" and exterior "OUT" regions after the process completes. This can be achieved by manipulating the interplay of the threshold of the potential and the two-body interaction. The overall many-boson process is made up of single-particle processes which are well-described using the following model (cf. Fig. 2 ): The momentum k T i of the ejection process is defined by the chemical potential µ i of the confined N IN -boson system. This chemical potential µ i is firstly used to overcome the potential threshold T and the remainder of the energy is subsequently converted to kinetic energy E kin (T, µ i ). Hence, one finds peaks in the momentum distributions at k T i = 2m(µ i − T ). At precisely the peaks' positions, the first-oder coherence of the bosons is lost, but the second order coherence is almost completely preserved. This shows the one-particle nature of the processes.
Employing this characteristic, one can control the structure of the coherence and correlations in the process by switching on or off certain processes with the interaction λ 0 or the threshold T .
The model (cf. Fig. 2 and Section III) is a consideration on the energies of N IN confined bosons, E IN , and N OU T escaped bosons in open space, E OU T . In the present case, E IN is the energy of N IN parabolically trapped interacting particles and E OU T is defined by the threshold T and the difference in E IN for varying N IN . In this respect, the control exerted by the potential threshold T and the interaction λ 0 means to adjust E OU T and E IN , respectively. Since the external potential and the interparticle interactions can be controlled almost at will, the system's dynamics are also under full control. This renders it an good candidate for a quantum simulator of other processes with similar properties. Such processes include complicated multiple ionization or dissociation processes [48, 49] , where one could use the threshold to adjust the peaks in the momentum distribution such that they correspond to the ionization energies and the interaction to tune the peaks in the momentum distribution to mimick the ionization spectrum. Furthermore, the control schemes and found physics of the dynamics especially in the exterior "OUT" part of the potential are very similar to atom lasers [3, [45] [46] [47] and could be useful to simulate and design their physical properties.
In the present case the MCTDHB software package [58] was employed to obtain such con- There are four constraints to the polynomial continuation, namely that both the polynomial itself and its first derivatives have to be equal to the values and first derivatives of the neighboring potential at x c1 = 2 and x c2 = 4, see Fig. 1 . Therefore, a polynomial of at least third order with four coefficients, A, B, C, D, is required:
With the constraints
for the connection at x c1 to the harmonic trapping potential V h (x) and P (x c2 ) = Ax Table I . Parameters of the potential with a threshold and their dependence on the threshold, cf.
Eqs. (B1),(B2),(B3),(B4),(B5).
